ABSTRACT
INTRODUCTION
One of the most common random processes appearing in engineering practice is the aging process observed for all engineering materials and structures, including composite materials. As is known, it progresses faster or slower depending, for instance, on the structural protection against surface degradation. It is essential for structural safety to determine the quantitative influence of such a process on the structural response and the material behavior. The starting point for this analysis is an assumption on the random aging process, where the basic material parameters decay in an uncertain way from their original values with some velocities being usually independent random variables; therefore, those processes are stochastic. Following the research in theoretical biology devoted to the population births and deaths processes, where the Makeham-Gompertz law is frequently used [1] and, on the other hand, the deterioration in electronic devices [2] , where the Weibull power law is adopted, both Young's moduli of the composite components are linearly time dependent, where initial values and aging velocities are Gaussian random variables. It is necessary to clearly stress that such a definition of the aging process is essentially different from deterioration of the material properties proposed in fatigue analysis, where the stresses' amplitude (and their character), the number of a particular dynamic loading cycles, etc. should be included in this process mathematical model, such as wide-or narrowband stochastic processes. On the other hand, we neglect the really unpredictable accidents or influences on this structure appearing very rarely (sometimes being modeled by the Poisson processes), so that the aging process model is averaged in some broader sense, but there is no methodological reason not to change this model in the future. The second issue in this problem is a modification and use of the homogenization method to determine the overall homogenized behavior of the composite considered in the presence of fibers and matrix aging. The widely used effective modules method is employed for this purpose, where the representative volume element (RVE) is found. The Dirichlet periodicity conditions are applied on its external edges and the specific von Neumann boundary conditions are introduced at the interface, which depend only on the initial material parameters of the components. The computational implementation of this method is programmed together with the homogenization-oriented finite element method (FEM) plane strain code MCCEFF [3] . The third major point is an application of the Monte Carlo simulation method, which enables estimation of the homogenized tensor probabilistic moments for any time moment belonging to the aging process history. The input for this analysis is computed by initial determination of material parameters' moments from the aging stochastic law, which is done in the symbolic computations system MAPLE [4] together with the postprocessing visualization of the stochastic homogenized tensor basic moments and characteristics. This methodology is tested on the example of a composite made of glass reinforcing fibers and the epoxy resin; however, it has a quite general character and may be applied as well to model multicomponent fibrous structures [3] . As one can expect, the stochastic aging of the composite constituents so defined should result, analogously to interface defects [3] , in the linear decrease of the expected values for the homogenized tensor components as well as in the increase of the second-order characteristics.
MATHEMATICAL MODEL

Classical Effective Modules Method Formulation
A periodic fiber-reinforced composite structure in plane strain with linear elastic and transversely isotropic components and random elastic characteristics is the scope of the following considerations. Let us denote the representative volume element (RVE) of Y as Ω; Y ⊂ 2 denotes here the section of this composite with the x 3 = 0 plane and is constant along the x 3 -axis being parallel to the fibers' direction (see Figs. 1 and 2 ).
Let us assume that the region Ω contains two perfectly bonded, coherent, and disjoint subsets Ω 1 (fiber) and Ω 2 (matrix), and let the scale between the corresponding geometrical diameters of Ω and Y be described by the small parameter ε > 0. The parameter ε is indexing further all the tensors written for the geometrical scale of Ω, and let ∂Ω denote the external boundary of Ω, while ∂Ω 12 denotes the interface boundary between the Ω 1 and Ω 2 regions.
Furthermore, it is assumed that the composite is periodic in a random sense if for an additional ω belonging to a suitable probability space there exists such a homothety that transforms Ω onto the entire composite Y . Next, let us introduce two different coordinate systems y = (y 1 , y 2 ) at the microscale of the composite and x = (x 1 , x 2 ) at the macroscale, and let us consider any periodic state function F defined on the region Y ; this function can be expressed as
This expression makes it possible to describe the macro functions (connected with macroscale of a composite) in terms of micro ones and vice versa. The elasticity coefficients can be defined, for instance, as
defined in the engineering way as
It is defined further that
The effective tensor C (eff) ijkl is introduced as such a tensor that replacing C ε ijkl with C (eff) ijkl in the following equilibrium equations:
where u 0 is obtained as a solution being a weak limit of u ε with ε → 0 and where the characteristic function is defined as
with the boundary conditions
The homogenization problem is to find the limit of solution u ε with ε tending to 0. For this purpose, let us consider a bilinear form a ε (u, v) defined as follows:
and the following linear form:
The variational statement equivalent to the equilibrium problem (5)- (9) is to find u ε fulfilling the following equation:
for any kinematic admissible displacement v. Let us denote for any u, v periodic on Ω
and let us introduce a homogenization function χ (ij)k ∈ P (Ω) as a solution for the local problem on a periodicity cell as follows:
for any periodic w, n k is the unit coordinate vector. Now, we are looking for the solution u ε that converges weakly,
where u is the unique one for the boundary value problem
for any admissible displacement v and
where
Hence, an equivalent homogeneous orthotropic elastic material is obtained characterized by the tensor
Statement of the Stochastic Process
The constitutive tensor is defined here as
for the following stochastic representation of Young's modulus in a composite:
The random field e 0 (x; ω) is equivalent to the initial elastic characteristics of the composite constituents, whereasė (x; ω) represents the velocity of the aging process for the matrix and the fiber separately, i.e.,
All the aforementioned random quantities are truncated and uncorrelated Gaussian fields with the specified and finite first two moments. Let us note that such a representation of a stochastic Young's modulus means that it decreases monotonously for both composite components at the same time. It is apparent that this definition of the aging process should result in a linear decrease of the expected values for the particular components of the effective elasticity tensor as well as in parabolic increase of the variances of those components. Then, after the deterministic definition (19), now the effective elasticity tensor may be defined as
The stationarity of the aging process and the resulting homogenized tensor process is analyzed. The expected value for the linear aging process is derived from its classical definition as
so that using a linear transform, X(t) = At + B, one can simply determine
Therefore, the expected value fulfills the primary stationarity condition (must be time independent). Furthermore, the correlation function for the sodefined aging process is
Analogously we see the unboundedness of the variance, where it holds, similarly, that
As a result, we notice that the proposed aging process (stochastic Young's modulus of both composite constituents) is nonstationary. Let us comment next the stationarity of the effective elasticity tensor components by shortening its definition to
where the elasticity tensor components for the linear elastic and transversely isotropic material are
where A (ω), B (ω) are Gaussian random fields. As far as the fiber-reinforced composite is considered, we have their first two probabilistic moments specified as
The variance is defined accordingly as
A total lack of correlation is assumed here. Since we may adopt that the homogenization process is quasi static (time independent at all for a specific time moment), one can write
Since all the coefficients accompanying the aging processes in the fiber and the matrix are time independent and bounded, then C ijpq Ω is also nonstationary. Analogously, one can demonstrate that the second component of the effective elasticity tensor process is also nonstationary, so that the homogenized tensor C (eff)
ijpq is nonstationary as a consequence of those facts.
Finally, let us note that the aging process X(t) = At + B has an evolution equation equal to [5, 6] 
where A is a Gaussian random variable with a negative expected value and a given variance. The relationship between these two moments is such that the probability of a positive A occurrence equals 0 with the error almost equal to 0. Finally, let us remember that this process is continuous with continuous time and for any t ∈ [0, T f ) that has Gaussian realization, where T f is equivalent to this particular time moment, and where the effective properties of the composite become smaller than the allowable values. Practically, we could also consider t ∈ [0, ∞), but such a definition has no physical meaning.
COMPUTATIONAL IMPLEMENTATION
Let us introduce the following approximation of homogenization functions χ (rs)i at any point of the considered continuum Ω in terms of a finite number of generalized coordinates q (rs)α and shape functions ϕ iα :
and the strain ε ij (χ (rs) ) as well as stress σ ij (χ (rs) ) tensors
where B klα is the conventional FEM strain-nodal displacement operator. Therefore, there holds
(no sum on r,s)
where n = 2 in our case is the number of the components in the composite being homogenized. Next, let us define the global stiffness matrix as
Introducing this matrix into the virtual work Eq. (37) and minimizing it with respect to the generalized coordinates, we arrive at
where Q (rs)α is the external load vector that includes the stress boundary conditions applied along the interface (only if the fiber and matrix are perfectly bonded) in the following form:
where n j is the component of the unit vector normal to the fiber-matrix boundary and directed to the fiber interior, while [f ] denotes the difference of the function f values
The stress boundary conditions corresponding to different homogenization problems are specified in Table 1 .
It should be stressed that in taking into account the interface phenomena in engineering composites, the fiber and matrix boundaries may have partially different contours (the lack of contact between the components), which may be the result of composite processing thermal stresses. Finally, let us note that to assure the symmetry conditions on the periodicity cell quarter, the orthogonal displacements for every nodal point belonging to the external boundaries of Ω are fixed.
NUMERICAL SIMULATION
Numerical simulation is provided here using the system MCCEFF for the Monte Carlo simulations of a homogenization problem solved using the finite element method (the four-noded plane strain finite element). Material parameters are adequate for the glass fibers embedded periodically into the epoxy matrix, so that their initial values are E[e 1 ] = 84.0 GPa, E[e 2 ] = 4.0 GPa, ν 1 = 0.22, and ν 2 = 0.34. The influence of the aging phenomenon is simulated numerically in two different scenarios. The first one assumes that the matrix only is subjected to the decrease of its Young's modulus according to the equation e 2 = e 20 − 0.02 GPa / year · t. The second scenario obeys the aging of both the matrix and the fiber, where a decrease of the reinforcement Young's modulus is described by a quite analogous equation such as e 1 = e 10 −0.02 GPa / year·t, 
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where both e 10 and e 20 are equal to the expectations given above. The fiber has a round shape, is centrally located in the RVE, and occupies 50% of its area; both components are perfectly connected here and the FEM discretization of the RVE quarter subjected to the homogenization procedure is shown in Fig. 3 1122 (ω; t). The evolution of the probability density functions for all components are given in Figs. 8-10 , where the lefthand-side diagrams correspond to the first scenario and the right-hand-side pictures contain the results for the second scenario with aging of both composite components.
As it is seen in the first four figures, the expected values of the first two homogenized tensor components almost linearly decrease with time, where FIGURE 3. FEM discretization of the RVE quarter the first scenario given by the higher lines results (lighter line) has a slower decrease of the homogenized expectations. The coefficients of variation of those effective tensor components behave in a quite opposite way-they increase almost linearly with time in such a way that the continuous line in the lighter color representing the first scenario for the mean values demonstrates a somewhat slower increase in comparison to the darker diamonds reflecting the second aging scenario. Neglecting the scenario character, we observe an almost 10% overall decrease of the expectations for the first 20 years of the aging stochastic process and a very similar increase in the ratio of the standard deviation to those expectations.
The time fluctuations of the probability density functions (histograms) for the homogenized tensor components are shown in Figs. 8-10 , where all possible values of the analyzed effective tensor components are given in the horizontal axes. The essential differences between the first and the second scenarios are apparent for the component C (eff) 1212 (ω; t) only (the final plot is thinner in the left and thicker in the right diagram in Fig. 10 ). Those outputs come from the systematic plots of the Gaussian curve corresponding to the homogenized tensor for time varying from 0 to 20 years with two years increase, as before. The first bell-shaped curve is drawn and next, moving from the right to the left of the horizontal axis values, we plot those curves after the next time increment in Figs. 8-10; this evolution in probability densities for various time moments follows, of course, the additional decrease of the expectations noticed earlier. It is necessary to point out that the aging laws for the fiber and the matrix have been adopted almost in the same form; however, in practice, the fibers demonstrate significantly larger resistance to the environmental influences, so that their aging must be limited more strongly than in the case of matrices. Therefore, without any doubt we can conclude that for the composites with a large contrast between Young's moduli such as that supposed here, matrix aging is the most influential mechanism for the composite structural safety and reliability.
CONCLUDING REMARKS
1. The entire realization of the proposed mathematical-computational homogeniza- tion procedure results in a very effective modeling apparatus, which has been tested here on a glass-epoxy periodic composite. As we expected, the aging of the composite constituents results in a decrease of its homogenized properties' mean values as well as in the systematic increase of the second-order probabilistic measures. This means of course that the overall mechanic characteristics are decreasing and that their random dispersion proportionally increases together with the time change at the same time. In further applications of the existing stochastic homogenization method, it is possible to implement a faster exponential decay of the elastic characteristics of the constituents as well as to test other composite materials in order to introduce qualitatively different aging laws for the reinforcement and matrices so as to clearly distinguish between different aging mechanisms.
2. In further computational studies, it is possible and would be interesting from the practical point of view to analyze the interface defects between the fiber and the matrix and their influence on the homogenized properties of the composite. According to the existing nonstochastic models in the mechanics of microdefects, it is possible to introduce additional stochastic rules for nucleation and coalescence, as well as the propagation for the microdefects and the microcracks forming at the fiber-matrix interface. The computational analysis may be performed using an analogous simulationbased methodology and the stochastic interphase model proposed in [3] .
